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Recently, Cho et al. [Y.J. Cho, R. Saadati, S.H. Wang, Common fixed point theorems on
generalized distance in ordered cone metric spaces, Comput. Math. Appl. 61 (2011)
1254–1260] introduced the concept of the c-distance in a conemetric space and established
some fixed point theorems on c-distance. The aim of this paper is to extend and generalize
the main results of Cho et al. [20] and also show some examples to validate our main
results.
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1. Introduction
The classical contraction mapping principle of Banach [1] states that, if (X, d) is a complete metric space and T : X → X
is a contractionmapping (i.e., d(Tx, Ty) ≤ kd(x, y) for all x, y ∈ X , where k ∈ [0, 1)), then T has a unique fixed point. Because
of its simplicity and usefulness, it has become a very popular tool in solving problems in many branches of mathematical
analysis. This principle has been generalized in different directions in other spaces by mathematicians over the years. Also,
in the contemporary research, it remains a heavily investigated branch. The works noted in [2–12] are some examples from
this line of research.
The concept of conemetric spaces is a generalization of metric spaces, where each pair of points is assigned to a member
of a real Banach space with a cone. This cone naturally induces a partial order in the Banach spaces. The concept of cone
metric space was introduced in the work of Huang and Zhang [13] where they also established the Banach contraction
mapping principle in this space. Afterward, several authors have studied fixed point problems in cone metric spaces. Some
of these works are noted in [14–19].
In [20], Cho et al. introduced a new concept of the c-distance in conemetric spaces and proved some fixed point theorems
in ordered cone metric spaces which are more general than the classical Banach contraction mapping principle.
In this paper, we extend and develop the Banach contraction theorem on c-distance of Cho et al. [20]. We also give some
illustrative examples of our main results. Our results improve, generalize and unify the results of Cho et al. [20] and some
results of the fundamental metrical fixed point theorems in the literature.
✩ This work was supported by the Higher Education Research Promotion and National Research University Project of Thailand, Office of the Higher
Education Commission.∗ Corresponding author.
E-mail addresses: poom_teun@hotmail.com (W. Sintunavarat), yjcho@gnu.ac.kr (Y.J. Cho), poom.kum@kmutt.ac.th, kumampoom@hotmail.com
(P. Kumam).
0898-1221/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.06.040
1970 W. Sintunavarat et al. / Computers and Mathematics with Applications 62 (2011) 1969–1978
2. Preliminaries
Let E be a real Banach space and θ denote the zero element in E. A cone P is a subset of E such that
(a) P is nonempty closed and P ≠ {θ};
(b) if a, b are nonnegative real numbers and x, y ∈ P , then ax+ by ∈ P;
(c) P ∩ (−P) = {θ}.
For any cone P ⊆ E, the partial ordering ≼ with respect to P defined by x ≼ y if and only if y − x ∈ P . We shall write
x ≺ y to indicate that x ≼ y but x ≠ y, while x ≪ ywill stand for y− x ∈ int P , where int P denotes the interior of P . A cone
P is said to be normal if there is a number K > 0 such that, for all x, y ∈ E,
θ ≼ x ≼ y H⇒ ‖x‖ ≤ K‖y‖.
The least positive number satisfying above is called the normal constant of P .
Using the notation of a cone, we have following definitions of cone metric space.
Definition 2.1 ([13]). Let X be a nonempty set and E be a real Banach space equipped with the partial ordering ≼ with
respect to the cone P ⊆ E. Suppose that the mapping d : X × X → E satisfies the following conditions:
(a) θ ≺ d(x, y) for all x, y ∈ X with x ≠ y and d(x, y) = θ if and only if x = y;
(b) d(x, y) = d(y, x) for all x, y ∈ X;
(c) d(x, y) ≼ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space.
Definition 2.2 ([13]). Let (X, d) be a cone metric space, {xn} be a sequence in X and let x ∈ X .
(1) If, for all c ∈ E with θ ≪ c , there exists N ∈ N such that, for all n > N, d(xn, x) ≪ c , then {xn} is said to be convergent
and x is the limit of {xn}. We denote this by limn→∞ xn = x or xn → x as n →∞.
(2) If, for all c ∈ E with θ ≪ c , there exists N ∈ N such that, for all m, n > N, d(xn, xm) ≪ c , then {xn} is called a Cauchy
sequence in X .
(3) If every Cauchy sequence in X is convergent, then X is called a complete cone metric space.
The following remark and lemmas are useful for the main results in this paper.
Lemma 2.3 ([13]). Let (X, d) be a cone metric space and P be a normal cone with normal constant K . Let {xn} be a sequence in
X. Then {xn} converges to x if and only if d(xn, x)→ θ as n →∞.
Lemma 2.4 ([13]). Let (X, d) be a cone metric space and P be a normal cone with normal constant K and {xn} be a sequence in
X. If {xn} converges to x and {xn} converges to y, then x = y, that is, the limit of {xn} is unique.
Lemma 2.5 ([13]). Let (X, d) be a conemetric space and {xn} be a sequence in X. If {xn} converges to x ∈ X, then {xn} is a Cauchy
sequence.
Lemma 2.6 ([13]). Let (X, d) be a cone metric space and P be a normal cone with normal constant K . Let {xn} be a sequence in
X. Then {xn} is a Cauchy sequence if and only if d(xn, xm)→ θ as n,m →∞.
Lemma 2.7 ([13]). Let (X, d) be a cone metric space and P be a normal cone with normal constant K . Let {xn}, {yn} be two
sequences in X and xn → x, yn → y as n →∞, respectively. Then d(xn, yn)→ d(x, y) as n →∞.
Remark 2.8 ([13]).
(1) If E be a real Banach space with a cone P in E and a ≼ ka, where a ∈ E and 0 < k < 1, then a = θ .
(2) If c ∈ int P, θ ≼ an and an → θ , then there exists a positive integer N such that an ≪ c for all n ≥ N .
Lemma 2.9 ([18]). If E be a real Banach space with a cone P in E, then
(1) If θ ≼ x ≼ y and k is a nonnegative real number, then θ ≼ kx ≼ ky.
(2) If θ ≼ xn ≼ yn for all n ∈ N and xn → x, yn → y as n →∞, then θ ≼ x ≼ y.
Lemma 2.10 ([21]). If E be a real Banach space with a cone P in E, then, for all a, b, c ∈ E
(1) If a ≼ b and b ≪ c, then a ≪ c.
(2) If a ≪ b and b ≪ c, then a ≪ c.
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For other basic properties on a cone metric space, the reader can read in [13].
Next, we give the notion of c-distance on a cone metric space (X, d), which is a generalization of w-distance of Kada
et al. [22] and some properties.
Definition 2.11 ([20]). Let (X, d) be a cone metric space. Then a function q : X × X → E is called a c-distance on X if the
following are satisfied:
(q1) θ ≼ q(x, y) for all x, y ∈ X;
(q2) q(x, z) ≼ q(x, y)+ q(y, z) for all x, y, z ∈ X;
(q3) for all x ∈ X and n ≥ 1, if q(x, yn) ≼ u for some u = ux ∈ P , then q(x, y) ≼ u whenever {yn} is a sequence in X
converging to a point y ∈ X;
(q4) for all c ∈ E with θ ≪ c , there exists e ∈ E with θ ≪ e such that q(z, x)≪ e and q(z, y)≪ e imply d(x, y)≪ c .
Remark 2.12. The c-distance q is a w-distance on X if we take (X, d) is a metric space, E = R+, P = [0,∞) and (q3) is
replaced by the following condition:
For any x ∈ X, q(x, ·) : X → R+ is lower semi-continuous.
Moreover, (q3) holdswhenever q(x, ·) is lower semi-continuous. Thus, if (X, d) is ametric space, E = R+ and P = [0,∞),
then everyw-distance is a c-distance. But the converse is not true in general case. Therefore, the c-distance is a generalization
of thew-distance.
Example 2.13 ([20]). Let (X, d) is a cone metric space and P be a normal cone. Define a mapping q : X × X → E by
q(x, y) = d(x, y) for all x, y ∈ X . Then q is c-distance.
Example 2.14 ([20]). Let (X, d) is a cone metric space and P be a normal cone. Define a mapping q : X × X → E by
q(x, y) = d(u, y) for all x, y ∈ X , where u is a fixed point in X . Then q is c-distance.
Example 2.15 ([20]). Let E = C1R[0, 1]with ‖x‖ = ‖x‖∞ + ‖x′‖∞ and
P = {x ∈ E : x(t) ≥ 0 on [0, 1]}
(this cone is not normal). Let X = [0,∞) and defined a mapping d : X × X → E by d(x, y) = |x− y|ϕ for all x, y ∈ X , where
ϕ : [0, 1] → R such thatϕ(t) = et . Then (X, d) is a conemetric space. Define amapping q : X×X → E by q(x, y) = (x+y)ϕ
for all x, y ∈ X . Then q is c-distance.
Example 2.16 ([20]). Let E = R and P = {x ∈ E : x ≥ 0}. Let X = [0,∞) and define a mapping d : X × X → E by
d(x, y) = |x− y| for all x, y ∈ X . Then (X, d) is a cone metric space. Define a mapping q : X × X → E by q(x, y) = y for all
x, y ∈ X . Then q is c-distance.
Remark 2.17. From Examples 2.14 and 2.16, we have two important results. For c-distance, q(x, y) = q(y, x) does not
necessarily hold and q(x, y) = θ is not necessarily equivalent to x = y for all x, y ∈ X .
Lemma 2.18 ([20]). Let (X, d) be a conemetric space and q be c-distance on X. Let {xn}, {yn} be sequences in X and let x, y, z ∈ X.
Suppose that {un} is a sequence in P converging to θ . Then the following holds:
(1) If q(xn, y) ≼ un and q(xn, z) ≼ un, then y = z.
(2) If q(xn, yn) ≼ un and q(xn, z) ≼ un, then {yn} converges to a point z ∈ X.
(3) If q(xn, xm) ≼ un for all m > n, then {xn} is a Cauchy sequence in X.
(4) If q(y, xn) ≼ un, then {xn} is a Cauchy sequence in X.
Definition 2.19. Let (X,⊑) be a partial ordered set. Twomappings S, T : X → X are said to beweakly increasing if Sx ⊑ TSx
and Tx ⊑ STx for all x ∈ X .
3. Extensions of the Banach fixed point theorem by the c-distances
Now, we give our main results in this paper.
Theorem 3.1. Let (X,⊑) be a partially ordered set and suppose that (X, d) is a complete cone metric space. Let q be a c-distance
on X and T : X → X be a continuous and nondecreasing mapping with respect to ⊑. Suppose that there exists mappings
λ,µ, ν : X → [0, 1) such that the following three assertions hold:
(a) λ(Tx) ≤ λ(x), µ(Tx) ≤ µ(x) and ν(Tx) ≤ ν(x) for all x ∈ X;
(b) (λ+ µ+ ν)(x) < 1 for all x ∈ X;
(c) q(Tx, Ty) ≼ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty) for all x, y ∈ X with x ⊑ y.
If there exists x0 ∈ X such that x0 ⊑ Tx0, then T has a fixed point. Moreover, if Tv = v, then q(v, v) = θ .
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Proof. If Tx0 = x0, then x0 is a fixed point of T and we finish the proof.
Now, we assume that Tx0 ≠ x0. Then we construct the sequence {xn} in X such that
xn = T nx0 = Txn−1 (3.1)
for all n ≥ 1. Since T is nondecreasing with respect to⊑ and x0 ⊑ Tx0, we have
x0 ⊑ Tx0 ⊑ T 2x0 ⊑ · · · ⊑ T nx0 ⊑ T n+1x0 ⊑ · · · . (3.2)
Thus x0 ⊑ x1 ⊑ x2 ⊑ · · · ⊑ xn ⊑ xn+1 ⊑ · · ·. Now, we have
q(xn, xn+1) = q(Txn−1, Txn)
≼ λ(xn−1)q(xn−1, xn)+ µ(xn−1)q(xn−1, Txn−1)+ ν(xn−1)q(xn, Txn)
= λ(Txn−2)q(xn−1, xn)+ µ(Txn−2)q(xn−1, xn)+ ν(Txn−2)q(xn, xn+1)
≼ λ(xn−2)q(xn−1, xn)+ µ(xn−2)q(xn−1, xn)+ ν(xn−2)q(xn, xn+1)
· · ·
≼ λ(x0)q(xn−1, xn)+ µ(x0)q(xn−1, xn)+ ν(x0)q(xn, xn+1), (3.3)
which implies that
q(xn, xn+1) ≼

λ(x0)+ µ(x0)
1− ν(x0)

q(xn−1, xn) (3.4)
for all n ∈ N. Now, we let k :=

λ(x0)+µ(x0)
1−ν(x0)

< 1. By repeating (3.4), we get
q(xn, xn+1) ≼ knq(x0, x1) (3.5)
for all n ∈ N. Now, for positive integersm and nwithm > n, it follows from (3.5) that
q(xn, xm) ≼ q(xn, xn+1)+ q(xn+1, xn+2)+ · · · + q(xm−1, xm)
≼ knq(x0, x1)+ kn+1q(x0, x1)+ · · · + km−1q(x0, x1)
≼

kn
1− k

q(x0, x1). (3.6)
Since k ∈ [0, 1), we have

kn
1−k

q(x0, x1) → θ as n →∞. Thus, by Lemma 2.18, it follows that {xn} is a Cauchy sequence.
Since X is a complete, there exists z ∈ X such that xn → z as n →∞. Since T is continuous, it follows that
Txn = T (T nx0) = T n+1x0 = xn+1 → z
as n →∞ implies that Tz = z. Therefore, z is a fixed point of T .
Next, we suppose that Tv = v. Then we have
q(v, v) = q(Tv, Tv)
≼ λ(v)q(v, v)+ µ(v)q(v, Tv)+ ν(v)q(v, Tv)
= λ(v)q(v, v)+ µ(v)q(v, v)+ ν(v)q(v, v)
= (λ(v)+ µ(v)+ ν(v))q(v, v). (3.7)
Since λ(v)+ µ(v)+ ν(v) ∈ [0, 1), we get q(v, v) = θ . This completes the proof. 
Theorem 3.2. Let (X,⊑) be a partially ordered set. Suppose that (X, d) is a complete cone metric space and P is a normal cone
with normal constant K . Let q be a c-distance in X and T : X → X be a nondecreasing mapping with respect to⊑. Suppose that
there exists mappings λ,µ, ν : X → [0, 1) such that the following three assertions hold:
(a) λ(Tx) ≤ λ(x), µ(Tx) ≤ µ(x) and ν(Tx) ≤ ν(x) for all x ∈ X;
(b) (λ+ µ+ ν)(x) < 1 for all x ∈ X;
(c) q(Tx, Ty) ≼ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty) for all x, y ∈ X with x ⊑ y.
If there exists x0 ∈ X such that x0 ⊑ Tx0 and
0 < inf{‖q(x, y)‖ + ‖q(x, Tx)‖ : x ∈ X} (3.8)
for all y ∈ X with Ty ≠ y, then T has a fixed point. Moreover, if Tv = v, then q(v, v) = θ .
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Proof. If Tx0 = x0, then the result is obvious. Now, we assume that Tx0 ≠ x0 and construct the sequence {xn} in X by
xn = T nx0 for all n ≥ 1. As in the proof of Theorem 3.1, it follows that
x0 ⊑ Tx0 ⊑ T 2x0 ⊑ · · · ⊑ T nx0 ⊑ T n+1x0 ⊑ · · · . (3.9)
Moreover, the sequence {xn} converges to a point z ∈ X and
q(xn, xm) ≼

kn
1− k

q(x0, x1) (3.10)
for all positive numbersm, n ≥ 1 withm > n ≥ 1, where k =

λ(x0)+µ(x0)
1−ν(x0)

< 1. It follows from (q3) that
q(xn, z) ≼

kn
1− k

q(x0, x1) (3.11)
for all n ≥ 1. Since P is a normal cone with constant K , we get
‖q(xn, xm)‖ ≤ K

kn
1− k

‖q(x0, x1)‖ (3.12)
for allm > n ≥ 1 and
‖q(xn, z)‖ ≤ K

kn
1− k

‖q(x0, x1)‖ (3.13)
for all n ≥ 1. If Tz ≠ z, then, by the hypothesis, (3.12) and (3.13) withm = n+ 1, we get
0 < inf{‖q(x, z)‖ + ‖q(x, Tx)‖ : x ∈ X}
≤ inf{‖q(xn, z)‖ + ‖q(xn, Txn)‖ : n ≥ 1}
= inf{‖q(xn, z)‖ + ‖q(xn, xn+1)‖ : n ≥ 1}
≤ inf

K

kn
1− k

‖q(x0, x1)‖ + K

kn
1− k

‖q(x0, x1)‖ : n ≥ 1

= 0, (3.14)
which is a contradiction. Therefore, we can conclude that Tz = z. Moreover, suppose that Tv = v. We can conclude that
q(z, z) = θ by the final part in the proof of Theorem 3.1. This completes the proof. 
Next, we prove some common fixed point theorems for two weakly increasing mappings.
Theorem 3.3. Let (X,⊑) be a partially ordered set and (X, d) be a complete cone metric space. Let q be a c-distance on X
and S, T : X → X be two continuous and weakly increasing mappings with respect to ⊑. Suppose that there exists mappings
λ,µ, ν : X → [0, 1) such that the following assertions hold:
(a) λ(Tx) ≤ λ(x), µ(Tx) ≤ µ(x) and ν(Tx) ≤ ν(x) for all x ∈ X;
(b) λ(Sx) ≤ λ(x), µ(Sx) ≤ µ(x) and ν(Sx) ≤ ν(x) for all x ∈ X;
(c) (λ+ µ+ ν)(x) < 1 for all x ∈ X;
(d) q(Tx, Sy) ≼ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Sy) for all comparable x, y ∈ X;
(e) q(Sx, Ty) ≼ λ(x)q(x, y)+ µ(x)q(x, Sx)+ ν(x)q(y, Ty) for all comparable x, y ∈ X.
Then S and T have a common fixed point in X. Moreover, if v = Sv = Tv, then q(v, v) = θ .
Proof. Let x0 be an arbitrary point in X . Then we construct the sequence {xn} in X such that
x2n+1 = Tx2n, x2n+2 = Sx2n+1 (3.15)
for all n ≥ 0. Since S and T are weakly increasing, we get
x2n+1 = Tx2n ⊑ STx2n = Sx2n+1 = x2n+2 (3.16)
and
x2n+2 = Sx2n+1 ⊑ TSx2n+1 = Tx2n+2 = x2n+3 (3.17)
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for all n ≥ 0. Therefore, x1 ⊑ x2 ⊑ · · · ⊑ xn ⊑ xn+1 ⊑ · · · for all n ≥ 1, that is, the sequence {xn} is a nondecreasing. Since
x2n ⊑ x2n+1 for all n ≥ 1, by (d), we get
q(x2n+1, x2n+2) = q(Tx2n, Sx2n+1)
≼ λ(x2n)q(x2n, x2n+1)+ µ(x2n)q(x2n, Tx2n)+ ν(x2n)q(x2n+1, Sx2n+1)
= λ(x2n)q(x2n, x2n+1)+ µ(x2n)q(x2n, x2n+1)+ ν(x2n)q(x2n+1, x2n+2)
= λ(Sx2n−1)q(x2n, x2n+1)+ µ(Sx2n−1)q(x2n, x2n+1)+ ν(Sx2n−1)q(x2n+1, x2n+2)
≼ λ(x2n−1)q(x2n, x2n+1)+ µ(x2n−1)q(x2n, x2n+1)+ ν(x2n−1)q(x2n+1, x2n+2)
= λ(Tx2n−2)q(x2n, x2n+1)+ µ(Tx2n−2)q(x2n, x2n+1)+ ν(Tx2n−2)q(x2n+1, x2n+2)
· · ·
≼ λ(x0)q(x2n, x2n+1)+ µ(x0)q(x2n, x2n+1)+ ν(x0)q(x2n+1, x2n+2), (3.18)
which implies that
q(x2n+1, x2n+2) ≼ kq(x2n, x2n+1) (3.19)
for all n ≥ 1, where k =

λ(x0)+µ(x0)
1−ν(x0)

∈ [0, 1). Similarly, it can be shown that
q(x2n, x2n+1) ≼ kq(x2n−1, x2n) (3.20)
for all n ≥ 1. Therefore, we have
q(xn+1, xn+2) ≼ kq(xn, xn+1) ≼ · · · ≼ knq(x1, x2) (3.21)
for all n ≥ 1. Now, for any positive integerm and nwithm > n ≥ 1, we have
q(xn, xm) ≼ q(xn, xn+1)+ q(xn+1, xn+2)+ · · · + q(xm−1, xm)
≼ kn−1q(x1, x2)+ knq(x1, x2)+ · · · + km−2q(x1, x2)
= (kn−1 + kn + · · · + km−2)q(x1, x2)
≼

kn−1
1− k

q(x1, x2). (3.22)
Since

kn−1
1−k

q(x1, x2) → θ as n → ∞, which implies that {xn} is a Cauchy sequence. Since X is a complete, then there
exists z ∈ X such that xn → z as n →∞. Since T is continuous, we get z = limn→∞ Tx2n = Tz. Thus z is a fixed point of T .
Similarly, we can prove that z is also a fixed point of S. Therefore, z is a common fixed point of S and T .
Moreover, suppose that v = Sv = Tv. From (d) and v ⊑ v, we get
q(v, v) = q(Tv, Sv)
≼ λ(v)q(v, v)+ µ(v)q(v, Tv)+ ν(v)q(v, Sv)
= λ(v)q(v, v)+ µ(v)q(v, v)+ ν(v)q(v, v)
= (λ(v)+ µ(v)+ ν(v))q(v, v). (3.23)
Since λ(v)+ µ(v)+ ν(v) ∈ [0, 1), we get q(v, v) = θ . This completes the proof. 
Corollary 3.4 ([20], Theorem 3.3). Let (X,⊑) be a partially ordered set and (X, d) be a complete cone metric space. Let q be a
c-distance in X and S, T : X → X be two continuous and weakly increasing mappings with respect to ⊑. Suppose that there
exists α, β, γ > 0 with α + β + γ < 1 such that
q(Tx, Sy) ≼ αq(x, y)+ βq(x, Tx)+ γ q(y, Sy) (3.24)
and
q(Tx, Sy) ≼ αq(x, y)+ γ q(x, Tx)+ γ q(y, Sy) (3.25)
for all comparable x, y ∈ X. Then S and T have a common fixed point. Moreover, if v = Sv = Tv, then q(v, v) = θ .
Proof. We can prove this result by apply Theorem 3.3 with λ(x) = α,µ(x) = β and ν(x) = γ . 
Theorem 3.5. Let (X,⊑) be a partially ordered set. Suppose that (X, d) is a complete cone metric space and P is a normal cone
with normal constant K . Let q be a c-distance in X and S, T : X → X be two weakly increasing mappings with respect to ⊑.
Suppose that there exists mappings λ,µ, ν : X → [0, 1) such that the following assertions hold:
(a) λ(Tx) ≤ λ(x), µ(Tx) ≤ µ(x) and ν(Tx) ≤ ν(x) for all x ∈ X;
W. Sintunavarat et al. / Computers and Mathematics with Applications 62 (2011) 1969–1978 1975
(b) λ(Sx) ≤ λ(x), µ(Sx) ≤ µ(x) and ν(Sx) ≤ ν(x) for all x ∈ X;
(c) (λ+ µ+ ν)(x) < 1 for all x ∈ X;
(d) q(Tx, Sy) ≼ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Sy) for all comparable x, y ∈ X;
(e) q(Sx, Ty) ≼ λ(x)q(x, y)+ µ(x)q(x, Sx)+ ν(x)q(y, Ty) for all comparable x, y ∈ X;
(f) 0 < inf{‖q(x, y)‖ + ‖q(x, Tx)‖ : x ∈ X} for all y ∈ X with Ty ≠ y;
(g) 0 < inf{‖q(x, y)‖ + ‖q(x, Sx)‖ : x ∈ X} for all y ∈ X with Sy ≠ y.
Then S and T have a common fixed point in X. Moreover, if v = Sv = Tv, then q(v, v) = θ .
Proof. Let x0 be an arbitrary point in X . Then we construct the sequence {xn} in X such that
x2n+1 = Tx2n, x2n+2 = Sx2n+1 (3.26)
for all n ≥ 0. Similarly, as in the prove of Theorem 3.3, it follows that x1 ⊑ x2 ⊑ · · · ⊑ xn ⊑ xn+1 ⊑ · · · for all n ≥ 1.
Moreover, {xn} converges to a point z ∈ X and
q(xn, xm) ≼

kn−1
1− k

q(x1, x2) (3.27)
for all positive numbersm > n ≥ 1, where k =

λ(x0)+µ(x0)
1−ν(x0)

< 1 and
q(xn, z) ≼

kn−1
1− k

q(x1, x2) (3.28)
for all n ≥ 1. Since P is a normal cone with constant K , we get
‖q(xn, xm)‖ ≤ K

kn−1
1− k

‖q(x1, x2)‖ (3.29)
for allm > n ≥ 1 and
‖q(xn, z)‖ ≤ K

kn−1
1− k

‖q(x1, x2)‖ (3.30)
for all n ≥ 1.
If Tz ≠ z, then, by (f), (3.29) and (3.30), we get
0 < inf{‖q(x, z)‖ + ‖q(x, Tx)‖ : x ∈ X}
≤ inf{‖q(x2n, z)‖ + ‖q(x2n, Tx2n)‖ : n ≥ 1}
= inf{‖q(x2n, z)‖ + ‖q(x2n, x2n+1)‖ : n ≥ 1}
≤ inf

K

k2n−1
1− k

‖q(x1, x2)‖ + K

k2n−1
1− k

‖q(x1, x2)‖ : n ≥ 1

= 0, (3.31)
which is a contradiction. Therefore, we can conclude that Tz = z. Similarly, we can prove that Sz = z by using (g), (3.29)
and (3.30).
Moreover, suppose that v = Sv = Tv. We can conclude that q(v, v) = θ by the final part in the proof of Theorem 3.3.
This completes the proof. 
Corollary 3.6 ([20], Theorem 3.4). Let (X,⊑) be a partially ordered set. Suppose that (X, d) is a complete cone metric space and
P is a normal cone with normal constant K . Let q be a c-distance in X and S, T : X → X be two weakly increasing mappings with
respect to⊑. Suppose that there exists α, β, γ > 0 with α + β + γ < 1 such that
q(Tx, Sy) ≼ αq(x, y)+ βq(x, Tx)+ γ q(y, Sy) (3.32)
for all comparable x, y ∈ X and
q(Sx, Ty) ≼ αq(x, y)+ βq(x, Sx)+ γ q(y, Ty) (3.33)
for all comparable x, y ∈ X. If
0 < inf{‖q(x, y)‖ + ‖q(x, Tx)‖ : x ∈ X} (3.34)
1976 W. Sintunavarat et al. / Computers and Mathematics with Applications 62 (2011) 1969–1978
for all y ∈ X with Ty ≠ y and
0 < inf{‖q(x, y)‖ + ‖q(x, Sx)‖ : x ∈ X} (3.35)
for all y ∈ X with Sy ≠ y, then S and T have a common fixed point. Moreover, if v = Sv = Tv, then q(v, v) = θ .
Proof. We can prove this result by apply Theorem 3.5 with λ(x) = α,µ(x) = β and ν(x) = γ . 
4. Some examples
In this section, we give some examples to validate the main results in Section 3.
Example 4.1. Let E = R and P = {x ∈ E : x ≥ 0}. Let X = [0, 1) and define a mapping d : X × X → E by d(x, y) = |x− y|
for all x, y ∈ X . Then (X, d) is a cone metric space. Define a mapping q : X × X → E by q(x, y) = 2d(x, y) for all x, y ∈ X .
Then q is c-distance. In fact, (q1)–(q3) are immediate. Let c ∈ E with 0 ≪ c and put e = c2 . If q(z, x) ≪ e and q(z, y) ≪ e,
then we have
d(x, y) ≤ 2d(x, y)
= 2|x− y|
≤ 2|x− z| + 2|z − y|
= 2|z − x| + 2|z − y|
= q(z, x)+ q(z, y)
≪ e+ e
= c. (4.1)
This shows that (q4) holds. Therefore q is c-distance. Let an order relation ⊑ defined by x ⊑ y ⇐⇒ x ≤ y. Let a mapping
T : X → X defined by T (x) = x24 for all x ∈ X . Take the mappings λ(x) = x+14 and µ(x) = ν(x) = x+18 for all x ∈ X . Observe
that
(a) λ(Tx) = 14

x2
4 + 1

≤ 14 (x2 + 1) ≤ x+14 = λ(x) for all x ∈ X .
(b) µ(Tx) = ν(Tx) = 18

x2
4 + 1

≤ 18 (x2 + 1) ≤ x+18 = µ(x) = ν(x) for all x ∈ X .
(c) (λ+ µ+ ν)(x) = x+14 + x+18 + x+18 = x+12 < 1 for all x ∈ X .
(d) For any x, y ∈ X , we have
q(Tx, Ty) = 2
x24 − y24

≤ 2|x+ y| |x− y|
4
=

x+ y
4

2|x− y|
≤

x+ 1
4

2|x− y|
≤ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty). (4.2)
Moreover, T is a continuous and nondecreasing with respect to ⊑ and there exists a point 0 ∈ X such that T0 ≤ 0.
Therefore, all the conditions of Theorem 3.1 are satisfied and so T has a fixed point x = 0 and q(0, 0) = 0.
Example 4.2. Let E = R and P = {x ∈ E : x ≥ 0}. Let X = [0, 1) and define a mapping d : X × X → E by d(x, y) = |x− y|
for all x, y ∈ X . Then (X, d) is a conemetric space. Define a c-distance q : X×X → E and partially order⊑ as in Example 4.1.
Let a mapping T : X → X defined by T (x) = x22 for all x ∈ X . Take the mappings λ(x) = x+12 and µ(x) = ν(x) = 0 for all
x ∈ X . Observe that
(a) λ(Tx) = 12

x2
2 + 1

≤ 12 (x2 + 1) ≤ x+12 = λ(x) for all x ∈ X .
(b) µ(Tx) = ν(Tx) = 0 ≤ 0 = µ(x) = ν(x) for all x ∈ X .
(c) (λ+ µ+ ν)(x) = x+12 < 1 for all x ∈ X .
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(d) For any x, y ∈ X , we have
q(Tx, Ty) = 2
x22 − y22

≤ 2|x+ y| |x− y|
2
=

x+ y
2

2|x− y|
≤

x+ 1
2

2|x− y|
≤ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty). (4.3)
Moreover, T is a continuous and nondecreasing with respect to ⊑ and there exists a point 0 ∈ X such that T0 ≤ 0.
Therefore, all the conditions of Theorem 3.1 are satisfied and so T has a fixed point x = 0 and q(0, 0) = 0.
Example 4.3. Let E = R and P = {x ∈ E : x ≥ 0}. Let X = [0, 1] and define a mapping d : X × X → E by d(x, y) = |x− y|
for all x, y ∈ X . Then (X, d) is a conemetric space. Define a c-distance q : X×X → E and partially order⊑ as in Example 4.1.
Let a mapping T : X → X defined by T (x) = x24 for all x ≠ 1 and T (1) = 1. Take mapping λ(x) = x+14 and µ(x) = ν(x) = x8
for all x ∈ X . Observe that
(a) λ(Tx) = 14

x2
4 + 1

≤ 14 (x2 + 1) ≤ x+14 = λ(x) for all x ∈ X .
(b) µ(Tx) = ν(Tx) = x232 ≤ x
2
8 ≤ x8 = µ(x) = ν(x) for all x ∈ X .
(c) (λ+ µ+ ν)(x) = x+14 + x8 + x8 = 2x+14 < 1 for all x ∈ X .
(d) For all comparable x, y ∈ E with x ⊑ y, we obtain
(i) If x = y = 1, then we have 0 = q(Tx, Ty) ≤ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty).
(ii) If x ≠ 1 and y = 1, then we have
q(Tx, Ty) = 2
x24 − 14

≤ 2|x+ 1| |x− 1|
4
=

x+ 1
4

2|x− 1|
≤ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty). (4.4)
(iii) If x ≠ 1 and y ≠ 1, then we have
q(Tx, Ty) = 2
x24 − y24

≤ 2|x+ y| |x− y|
4
=

x+ y
4

2|x− y|
≤

x+ 1
4

2|x− y|
≤ λ(x)q(x, y)+ µ(x)q(x, Tx)+ ν(x)q(y, Ty). (4.5)
(e) For any x, y ∈ E with y ≠ Ty, i.e., y > 0, we get
inf{‖q(x, y)‖ + ‖q(x, Tx)‖ : x ∈ X} = 2
y− y24
 > 0.
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Moreover, T is a nondecreasing mapping with respect to ⊑ and there exists a point 0 ∈ X such that T0 ≤ 0. Therefore,
all the conditions of Theorem 3.2 are satisfied and then T has a fixed point x = 0 and q(0, 0) = 0.
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